In this note we apply the general multifractal analysis for growth rates derived in [10] , and show that this leads to some new results in ergodic theory and the theory of multifractals of numbers. Namely, we consider Stern-Brocot growth rates and introduce the Stern-Brocot pressure P . We then obtain the results that P is differentiable everywhere and that its Legendre transformation governs the multifractal spectra arising from level sets of Stern-Brocot rates.
Introduction and Statement of Results
Let us first recall that the Stern-Brocot sequence {σ n,k : n ∈ N 0 , k = 1, . . . , 2 n + 1} is the sequence of all reduced fractions in the unit interval given by induction as follows (see e.g. [4, 8, 15] ). Let σ 0,1 := 0/1 and σ 0,2 := 1/1, and define for n ∈ N 0 and k = 1, . . . , 2 n+1 + 1, σ n+1,k := M (σ n+1,k−1 , σ n+1,k+1 ) for k even σ n,(k+1)/2 for k odd, where M (p/q, r/s) := (p + r)/(q + s) refers to the mediant of the two reduced fractions p/q, r/s. This then allows to define the set T n of Stern-Brocot intervals T n,k of order n by T n := {T n,k := [σ n,k , σ n,k+1 ): k = 1, . . . , 2 n } for n ∈ N 0 . . . .
Each of the sets T n represents a partition of the interval [0, 1) by pairwise disjoint subintervals of diameters tending to zero. Therefore, for each ξ ∈ [0, 1) and n ∈ N there exists a uniquely determined Stern-Brocot interval T n (ξ) of order n such that ξ is contained in T n (ξ). In particular, for an arbitrary element ξ ∈ [0, 1),
The main goal of this paper is to determine fractal dimensions of level sets of Stern-Brocot rate given for ξ ∈ [0, 1) by
whenever the limit exists. More precisely, by applying the results of [10] to the elementary number theoretical situation in this paper, we derive a complete Hausdorff (fine) multifractal description of the level sets
That is we consider the Hausdorff dimension (dim H ) of these level sets, or in other words the Hausdorff (fine) multifractal spectrum given by
Crucial in our analysis will be the pressure function P which is canonically associated with the set of Stern-Brocot intervals. The function P will be referred to as the Stern-Brocot pressure, and it is given by
The following theorem gives the main results of this paper. It in particular shows that can be expressed in terms ofP , the Legendre transformation of the Stern-Brocot pressure given byP (s) := sup t∈R {st − P (t)}, for s ∈ R. (1) The Stern-Brocot pressure P is differentiable throughout R. Furthermore, P is real-analytic on (−∞, 1) and vanishes on [1, ∞). (2) For each s ∈ (0, 2 log γ) we have,
We remark that one immediately verifies that P (1) = 0 and P (0) = log 2, where the latter estimate can be interpreted as giving the topological entropy of the onesided shift space over two symbols associated with the non-hyperbolic dynamical system inherent in the Stern-Brocot process (see Sec. 2).
Moreover, P is a convex function which is well-defined and non-negative throughout R. Convexity follows since P is by definition the limit of a sequence of convex functions. For the remainder, first note that the largest interval occurring in T n is of diameter equal to 1/(n + 1), which implies that if t > 0 then
t . Therefore, we immediately obtain that in this case 0 ≤ P (t) ≤ log 2, in which the upper estimate is clearly trivial.
5 refers to the nth member of the Fibonacci sequence. Using this observation one easily verifies that for t ≤ 0 we have 0 ≤ P (t) − 2|t| log γ ≤ log 2.
Finally, in order to include also a brief discussion of one of the extreme cases, let us recall the following classical result of Lévy. Let ξ = [x 1 (ξ), x 2 (ξ), . . .] denote the regular continued fraction expansion of ξ ∈ [0, 1) and q n (ξ) the principal denominator of its nth convergent. In [11] it was shown that on a set of full Lebesgue measure we have lim n→∞ 2 log q n (ξ)/ n i=1 x i (ξ) = 0. From this we immediately obtain (arguing similar to the proof of Lemma 2.1) that (0) = 1. The discussion of (2 log γ) requires a more detailed study, and this will be given in the forthcoming paper [9] . We remark that in [9] we shall also derive further extensions and applications of our multifractal analysis to certain Diophantine growth rates.
Stern-Brocot Sequences and Multifractal Spectra

Modular codings and Stern-Brocot intervals
The truly beautiful idea of coding real numbers by means of intersection schemes of geodesics in hyperbolic space goes back to at least Artin [2] , Dehn [5] , Ford [7] and Nielsen [12] (see e.g. also [1, 13, 14] ). Our approach here is based on these classical results, but since it appears hard to trace it in the literature, we outline the construction.
Let Γ 0 := PSL 2 (Z) be the modular group acting on the upper half-plane H generated by X and Y , where X: z → z − 1 and Y : z → −1/z. Defining relations for Γ 0 are Y 2 = (XY ) 3 = {id.}, and a fundamental domain F 0 for Γ 0 is the hyperbolic quadrilateral with vertices at i, 1+i, {∞} and z 0 := (1+i √ 3)/2. Consider Z := Y X given by Z: z → 1/(1 − z). One easily verifies that Γ := Γ 0 / Z is a subgroup of Γ 0 of index 3, and that F is a fundamental domain for Γ, where 
is the ideal triangle with vertices at 0, 1 and {∞} (cf. Fig. 1(a) ).
Consider the two elements A, B ∈ Γ 0 given by
and let G denote the free semigroup generated by A and B. One immediately sees that for z 0 := A(z 0 ) = B(z 0 ) = (1 + i/ √ 3)/2 the Cayley graph of G with respect to z 0 coincides with the restriction to {z ∈ H: 0 ≤ (z) ≤ 1, 0 < Im(z) ≤ 1/2} of the Cayley graph of Γ with respect to z 0 .
We then consider oriented geodesics l ξ in H from {∞} to ξ ∈ [0, 1), and investigate in which way these intersect the tessellation of g∈G\{A,B} g(F ) given by the G-orbit of F . If ξ is irrational, then l ξ intersects infinitely many of these G-images, say g ξ,1 (F ), g ξ,2 (F ), g ξ,3 (F ), . . . in succession (cf. Fig. 1(b) ). That is g ξ,n ∈ G refers to that g ξ,n (F ) is the nth G-image of F (relative to the tiling {g(F ): g ∈ G\{A, B}}) which gets intersected by l ξ on its way from {∞} to ξ. Moreover, if ξ is rational and ξ = 0, 1/2, then there exists a unique g ξ,m ∈ G (depending on ξ) such that l ξ eventually remains in g ξ,m (F ). We then make the convention that g ξ,m+k := g ξ,m BA k−1 , for all k ∈ N. Also, for ξ = 0, 1/2 we let g 0,k := A k and g 1/2,k := BA k−1 , for all k ∈ N.
We now have for each ξ ∈ [0, 1) that ξ = lim n→∞ g ξ,n (z 0 ). Clearly, this procedure gives rise to a 1-1 correspondence between elements of [0, 1) and infinite words in the letters {A, B}, and it is this 1-1 correspondence which forms the modular coding.
Remark 2.1. Note that there is also a connection between regular continued fraction expansions and the above "modular coding". In terms of the Stern-Brocot intervals this connection is described as follows. Note that this type of coding is clearly completely analogous to the above modular coding. Recall that the intervals
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in T n provide a partition of [0,1), and that for each ξ ∈ [0, 1) and n ∈ N the interval T n (ξ) ∈ T n is precisely the union of two neighboring intervals from T n+1 , one "left interval" and one "right interval". Now, in case T n+1 (ξ) is the left of these intervals then we encode this event by the letter A, otherwise we encode it by the letter B. Hence, by starting from T 0 , this procedure assigns to each number ξ an infinite word in the alphabet {A, B}, i.e.
Clearly, for ξ irrational (n i (ξ)) is an infinite sequence of well-defined positive integers, and if ξ is rational then (n i (ξ)) is a finite sequence of positive integers except that the last element is equal to infinity. Also, one easily verifies that ξ can be recovered from this type of coding by means of its regular continued fractions expansion
It is easy to see (cf. [14] ) that for ξ
Modular pressure and multifractal formalism for modular growth rates
Recall that the Poisson kernel I in the upper half-plane is given for z ∈ H and ξ ∈ R by
Let |g| refer to the word length of g, and [g] := {ξ ∈ [0, 1): g = g ξ,k for some k ∈ N} be the cylinder set associated with g. The modular pressure P is then defined by
Also, for the "average homological increment" we introduce the following level set
where d denotes the hyperbolic distance in H. Now a crucial observation is that the multifractal analysis for Kleinian groups which we developed in [10] did not make use of the whole group structure of the Kleinian group. In fact, in [10] it was enough to consider certain rooted trees embedded in the Cayley graph of the Kleinian group. Therefore, by inspection of the general multifractal analysis for growth rates in [10] , one obtains that the results of [10] continue to hold for the semigroup G which we consider in this paper. Consequently, expressing the main theorem of [10] in terms of G, we then obtain the following.
Moreover, P is differentiable throughout R, and P is real-analytic on (−∞, 1) and equal to 0 otherwise.
Multifractal formalism for Stern-Brocot rates
We now turn to the proof of our Main Theorem. For this we require the following lemma which relates the Stern-Brocot intervals, hyperbolic distances and Poisson kernel. We use the common notation a b to describe that a/b is uniformly bounded away from infinity, and a b means that a/b is uniformly bounded away from zero and infinity.
Lemma 2.1. Uniformly for each ξ ∈ [0, 1) irrational and n ∈ N we have, with m n (ξ) referring to the number of elements in the final block of equal letters in g ξ,n ∈ G when written as a word in the free generators A and B,
Proof. (Sketch) Note that for g ∈ G arbitrary, a well-known formula which relates hyperbolic and Euclidean distances in H (see e.g. [3, §7.2]) gives that
Let us now first consider the case m n (ξ) = 1. Using the concept of Ford circles (cf. [13] ), one easily verifies that |g ξ,n (z 0 ) − g ξ,n (∞)| is comparable to the Euclidean diameter of the horocircle g ξ,n ({z ∈ H: Im(z) = 1}). The latter is comparable to diam(T n (ξ)), and hence
Combining this observation with the observation at the beginning of the proof, it follows that
This implies, by recalling the definition of I and using the fact that Im(g ξ,n (z 0 )) |η − g ξ,n (z 0 )| for all η ∈ T n (ξ),
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Clearly, by combining these observations, the lemma now follows for the special case m n (ξ) = 1. For m n (ξ) > 1, consider T := T n+1−mn(ξ) (ξ), which refers to the smallest SternBrocot interval which contains T n (ξ) and which is of the type considered in the previous case. One then immediately verifies, using the well-known estimate for the hyperbolic distance of points on a common horocircle (cf. [6] , [16 
This implies, together with the observation from the beginning of the proof,
For the remaining estimate, note that a straightforward Euclidean argument gives
Combining this with the fact Im(g ξ,n (z 0 )) |ξ − g ξ,n (z 0 )| and recalling the definition of I, it follows
and therefore,
m n (ξ) diam(T n (ξ)).
As an immediate consequence of the previous lemma we obtain the following proposition.
Proposition 2.1. The modular pressure P and the Stern-Brocot pressure P coincide. Furthermore, we have L(s) = L(s) for each s ∈ R.
Proof. For n ∈ N consider T n,k ∈ T n , for some k = 1, . . . , 2 n . Then there exists a unique h ∈ G such that h = g ξ,n and T n,k = T n (ξ) for all ξ ∈ T n,k . By construction we then in particular have |g| = n and ξ ∈ [h] for all ξ ∈ T n,k . Therefore, since m n (ξ) ≤ n for all ξ ∈ T n,k , Lemma 2.1 (2) implies that there exists a constant c > 0 such that
I(h(z 0 ), ξ)
Hence, for each t ∈ R, −|t log(cn)| ≤ log (diam(T n,k )) t ≤ |t log(cn)|.
By dividing the latter estimate by n and then letting n tend to infinity, it follows that the two pressure functions P and P coincide. The proof of L(s) = L(s) follows by similar straightforward estimates, using Lemma 2.1 (1), and will therefore be omitted.
Proof of Main Theorem. Combine Proposition 2.1 and Theorem 2.1.
